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1. In [ll there was considered a quasi-linear system of the’ form 
91 

(i = 1, . . . . n) (1.11 

under the assumption that the right-baud sides of the equations were 
analytic, and that the parameter ~1 was small. The generated system was a 
linear conservative system with constant coefficients, whose kinetic and 

potential energies could be expressed by means of 
quadratic for&s. Furthermore. it was assumed that 
quency equation 

positive definite 
the roots of the fre- 

A (cd’) = 1 cjk - &zik I= o (1.3 

were all distinct. 

XII that work it was asserted that if the generated system contains 1 
frequencies which are comensurate with each other, for example, ol, . . . , 
al, and which correspond to a periodic solution with some period T,,, 

then the corresponding periodic solution of the original nonlinear 
system, which reduces to the generated system when u = 0, will have a 
form analogous to the form of the solution of the generated system. Let 
us denote by ph( rf the relations of the algebraic cofactors of the cor- 
responding elements of the determinant (1.2): 

The periodic solution of the generated system with period To has the 
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form 

zye (t) = 
Br 

A, cos o,t +,sino,t 
r 

(k = 1. . . . , n) (1.4) 

(one of the coefficients Br can be assumed to be zero because the system 
is autonomous). It was. therefore, asserted that the solution of the 
system (1.1) also had the form 

1 

“k @) = 2 pr’ z(r) (2) 

r=1 

But this assertion is true only when 1 = n, i.e. when 
of the generated system are comensurate with each other. 

2. We shall consider the case when 1 frequencies 01. og, . . . , _a2 of 

(k=l, . . . , n) 

all frequencies 

the generated system are comensurate with each other but when 1 < n. In 
this case, as was shown above, there exists a periodic solution of the 
generated system with some period T,, corresponding to the mentioned fre- 
quencies. The solution of the generated system has the form (1.4). Since 
the system Is autonomous. we may assume that B, = 0. 

By the method of a small parameter, we will try to find a periodic 
solution of the original nonlinear system with period To + a. which re- 
duces to the above mentioned solution of the generated system when ~1 = 0. 

For the original system (1.1) we will take the following initial condi- 

t ions* 

Xk (0) = i pp’ (A, + 8,) + Pf’ 9r-_I % . f . 9 PI, 7% * - - * 71. P) 

r=1 r=1+1 
(k = 1, . . . , n) 

Because of the autonomiclty of the system It is assumed that y1 = 0. 

The functions ‘p, _ l and \y, _ 1 are analytical from their arguments [21, 

and 

Thus the solution of the system (1.1) can be written in the following 

form 

* Strictly speaking, the parameters q~ and q~ are functions of A + p, 
B + y and I.I. 1u.M. Kopnin was the first to call attention to this fact. 
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%-I (Bm)8ino t 
Pr-l @trd’) CO9+ + - o r 

+ 
r 1 

(k = 1. . . . , n) (2.2) 

Computing the coefficients Ckl( t), as this was done in (11, and keep- 
ing hereby all the terms in the expansion of C,,(t), we obtain 

where 

Let us introduce the notation 

n i 

(@*Q - @$‘I -’ I s R$ (t’) sin o, (t - t’) dt’ (2.5) 

0 

Then, taking into account the relation (1.3), we obtain 
n 

c,,(t) = x pp ($1 (t) (2.6) 

The solution of the system (1.1) can thus be expressed in the form 

(k = 1, . . a , n) (2.7) 
r=1 

The quantities L( r, (t) are determined by the formulas 
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(r=Z+l,...,n) (2.9) 

The result obtained can be formulated in the following way. 

If the generated solution of the quasi-linear system (1.1) contains 1 
distinct comensurate frequencies which determine a periodic solution with 
some period TO, then the corresponding periodic solution of the original 
quasi-linear system with period T,, + a (a disappears when ~1 = 0), which 
reduces to the generated one when u = 0, will have the form (2.7) for 
arbitrary values of 1 from 1 to n. 

Note. There occurred an error in [l]. It was caused by the dropping, 
in the expansion (2.3), of all the terms with indices from r = 1 -I- 1 to 

r = n as terms which might not involve the frequencies 01, 02, . . . , 01, 
which was a mistake. 

Let us consider the integral 
t 

Jr = 
s 

Rrk (1’) sin o, (t - t’) dt’ (r= 1+1, . . ..?I) 

0 

Suppose that the fun&ion Rkmcr) is a periodic function, with period 
T ,,, whose expansion into a Fourier series is 

03 

R$ (t) = 2 (K,, cos mot + L, sin moot) 
n=o 

After some computations we obtain 

O” K,, cos noot + L,, sin n oat 
J,=--cl+. c- 

n%Q- 01~2 + 
n=o 

sin cod 

The functions cA.( r, ( t), with r = 1 + 1, . . . , n, contain in summands 

a periodic function of period To, and the first harmonics with the cor- 
responding frequencies or. 

3. Let us consider in greater detail the case of two degrees of free- 
dom when the generated system contains two noncomensurate frequencies. 
In [3] this case, presented in Section 5, was based on the erroneous 
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results of [ll, and, hence, was presented incorrectly.* 

We now have the following equations of motion for the system 

Qll 4 + ala ir + cll z1+ c1a F4 = I”Fl (Zl, % Ll, & IL) 

a%~& + Q & + car x1+ ca, ~a = Va (~1, 22, 22, ia, PL) (34 

Let us look for the periodic solutions of this system with period ol. 
The generated solution in this case becomes 

x10(t) = A0 cos colt, xao(t) =pl&cosw,t (3.2) 

Here 
0,) = _ Cl1 - 0,” a11 Ql- 

&= Pk 
ora au 

Cl8 - or4 al2 = - cn - cota at) (f = 1. 2) (3.3) 

The initial conditions for the system 

Q(O)=Ao+P+Q,(P. Ir), 

~~(~)=Pl(Ao+P)+prcp@~ IrIB 

(3.3) will take on the form 

G(O) = 9 (PI IL) 

The solution of the system (3.1) can be expressed in the form 

q(t) =x(l) (t) + 29 (t), %a (4 = PI@ (4 + P-S@ (t) (3.5) 

The expansion of the functions x(l) ( t) and zC2) ( t) in powers of the 
parameters p and u will be 

s(l) (t) = (A0 + B) 

z(2) (t) = I$ co9 oat + 

The functions Cl(‘)(t) and C,(2) (t) are determined by the equations 

l In [31 it is necessary to introduce another correction. On page 1671. 
line 7 from the bottom, the formula s1o1 = n2w2 must be replaced by 

while in line 4 from the bottom, the formula q, must have the form 
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c$) (t) = , i 

Ao (ma - on’) w s R$f (t’) sin 09 (t - t’) dt’ 

B 

The conditions of periodicity for the functions x (l)(t) and I 

and of their first derivatives are 

(3.9) 

From these conditions one can find four unknowns 01, p, ‘p and v. The 
problem on the construction of the periodic solutions of the system (3.1) 

with period T1, hereby breaks up into two separate problems on the con- 
struction of the periodic functions x ‘l)(t) and x(‘) (.t) with the same 

period TI. These problems can be solved in succession. 

The first problem is entirely analogous to the problem of the con- 
struction of periodic solutions of a quasi-linear autonomous system with 
one degree of freedom. In the solution of this problem one determines the 
quantities a and & Hereby, the amplitude of the generated solution A, is 

found by means of the equation 

C:” (Tl) = 0 

Depending on the muftfplicity of the roots of this equation, the 
quantity @ can be represented by means of a series in fractional or in- 
teger powers of the parameter U. The analysis of the possible cases given 

in [41 can be carried over totally to the consideration of this system, 

Let us now proceed to the consideration of the second problem, the 

construction of the function x ( ‘)( t). For this purpose it is necessary 

to determine the quantities qt{& p) and v(p, IA). Let us express these 
quantities in the form of the series 

Expanding the left-hand sides of the conditions for the periodicity 
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of the function x (*j(t) and its first derivative, into power series of u 
and p, and equating the coefficients of like powers of CI in each of the 
mentioned conditions, we obtain an infinite system of equations for the 
determination of the coefficients P, and Q,: 

in 

(3.11) 
p, (1 

Q - cos aa Tl) - --& sin’os 2’1 = W, (Tl) 

P, 09 sin 03 T1 + Q, (1 - ~0s @‘I) = w,,, (Td 

Let us introduce the notation 

cy (t) = cg (t) + P, cos at + 2 sin oat (3.12) 

Then the values of the first three quantities II, can be expressed 
the form 

WI (Tl) = Cp’ (Ti) 

Wo (TX) = Cp’ (T3 + N&p)* (T,) 

Ws (TI) = Cf’ (TI) + A’@)* (T,) + A’@” (T,) + + q c$)’ (T1) (3.13) 

The quantities NI, N,, . . . are the coefficients of the expansion of a 
into a double series in powers of p and U: 

co 

z( 
'aN 1 aPN 

a= N,+*P+~yj$P’+. . . pm 
m==l 1 

Furthermore, it should be noted that 

Solving the Equations (3.11). we obtain 

1 1 sin mpTl . 
‘tn = T wm (T1) + z 1 - cos oaTl W,,I (Tl) 

Qm= $t,, Vd-+ 1 ~c;;~Tlw,,, (TX) 

(3.14) 

(3.15) 

It follows from these formulas that the quantities P, and Ql, Pz and 
can be determined successively. It is not difficult to 

l ( t) are periodic functions of t with 
period T,. 

Next, we introduce the functions 

Glt* (t) = c(l) (t) + C(a)* (t) m m ’ cm* (f) = plc$ (t) + pI c$)* (t) (3.16) 
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The quantities Him(f), determined by the Formula (2.4) will have the 
following explicit forms 

I-I,, (1) = pi (Qo, %I. &* &, 0) 

The subscript 0 of the derivatives of the function Fi denotes that 

one should substitute ‘lo, r2e, ilu, 
i,, P in these derivatives. 

i2,,, 0 for the variables xl, x2, i,, 

If in the generated system one of the variables can be separated, for 
example xl, when aI2 = cl2 = 0, then one of the coefficients p,. in our 
case pg. becomes infinite. Since the function 

x(2) (t) = p2d2) (t) 

and also the quantities 

retain their finite values in this case, the solution (3.1) can be ex- 
pressed in the form 

zr (2) = r(l) (t), ra ft) = p139) (t) + x(2) (t) 

The initial conditions now will be 

21 (0) = Aot P, ii(O) = 0 

~2(0) = n(Ao+ PI +a 0% Ph 4 (01 = Y(P, p) 

The scheme for the computations remains the same except that in Place 
of xc2)(f), q#, v), and Y@, cl) it is necessary to compute the quantities 
X(‘)(t), CD@, M), and Y(p, )A). If the generated system is reduced to the 
normal coordinates, then 

p1= 0, FL = - 

In the case when one of the variables is separated in the nonlinear 
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system, it is simpler to solve the problem directly by determining 
separated variable. 

the 

In conclusion we will derive formulas for xl(t) and x,(t) which will 
represent the solution of the system (3.1). Suppose that p can be deter- 
mined by means of a power series 

P=&N (3.18) 
m=l 

Then the correction a of the period is determined by the series 

a= T1 5 hmPm 
TIl==l 

(3.19) 

For the construction of a periodic solution of the system (3.1) with 
a period that is independent of p. we make the customary change of the 
independent variable 

t = T (1 + hip + hsp* + . . .) (3.20) 

We will look for a solution that is a function of T. This solution 
has the period 7’1. The functions X,(T) and x2(-r) will be represented by 
series in integer powers of the parameter u 

“k w = “&I) @I + P& (4 + P*xk2 (4 + * * - (k = 1.2) (3.21) 

whereby 

The generated solution is given by the Formula (3.2). Hence. 

$1 (z) 7 Ao cos olz, zf’ (7) = 0 (3.23) 

The next two coefficients for both functions will be 

z?’ (I) = cP)* (7) 

x;) (r) = Aa cos 01 le + CF’ (z) + A 
Wf’ acp 

1 aA + hlr a7 
0 

- &Al + haA,,) a.01 sin qt- 

- $ hl’ x* A0 01~ cos qr, xp (5) 
&92)* 

=C~)*(z)+Ale&+hlr$ (3.24) 

In cases when the quantity 8 is expanded in fractional powers of the 
parameter p, the solution ~~(5) will also be expanded in terms of the 
same fractional powers of the parameter LL The corresponding formulas 
for the coefficients of the expansion x~(T) can be easily evaluated in a 
manner analogous to the one used in [41. 
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4. The presented method of the construction of periodic solutions of 
autonomous systems with two degrees of freedom can easily be generalized 
to systems with n degrees of freedom. For example, if the generated 
system has n distinct frequencies of which I are comensurate with each 
other, then the problem can be reduced to the problem with 1 degrees of 
freedom; after that one can determine the functions x (z+1)(t), . ..) 
x(“)(t) successively. In particular, if there exists a frequency, for 
example 01, which is not comensurate with any of the other frequencies, 
then the construction of the periodic solutions of such a system with 
period T, breaks up into n separate problems for the successive determi- 
nations of periodic functions x (l)(t), . . .) x(“)(t). 

The construction of the first one of them, x(‘)(t), is entirely 
analogous to the determination of a periodic solution for a system with 
one degree of freedom. The construction of the remaining functions, how- 
ever, is done by the same method, and does not differ from the construc- 
tion of the function z(‘) (t) in the considered case of two degrees of 

freedom. 
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